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PURPOSE 

No longer is a single textbook sufficient as a source of teaching material for 
high school mathematics classes. Although the majority of the recent 
curriculum-revision projects have tended to emphasize primarily the de- 
velopment of pure mathematics, there is a growing awareness that students 
should also know something about the applications of mathematics* The 
National Aeronautics and Space Administration has recognized the appeal 
of aerospace activities, and has initiated and supported the development of 
curriculum supplements for several high school courses. It is hoped that 
they will fill a need felt by many teachers* 

Because the present attainments in aerospace would not be possible without 
mathematics, it is most appropriate that supplementary publications deal- 
ing with space activities be made available to teachers of mathematics. It 
is our hope that students will become more interested in mathematics as 
the result of seeing some of its significant current space-related applica- 
tions. Working problems such as those in this book should enhance both 
the mathematical knowledge and skill of the student and his appreciation 
and understanding of space technology. 



CONTENT AND ORGANIZATION 

SPACE MATHEMATICS , A Resource for Teachers consists of a collection 
of mathematical problems related to space science* Because the emphasis 
is on the mathematics, the problems have been grouped according to mathe- 
matical topics. A minimum amount of attention has been given to the 
development of theory. In general, the new formulas that are necessary 
for understanding the text have been quoted but not derived. In some 
cases, as in Chapter 10, formulas have been derived from more basic equa- 
tions, The theory that has been presented is explained only to the extent 
needed to make the problem understandable. A rigorous discussion of the 
principles of astronautics is beyond the scope of this book, and would in fact 
be inconsistent with the purpose of the book. It is largely for these reasons 
that no calculus problems appear in the text. The development of the 
theoretical basis of spaceflight depends heavily upon calculus, but the level 
of sophistication required is far above the high school level* The reader 
who is interested in this type of material will find it in other publications, 
several of which are listed in the Bibliography* 
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The problems range in difficulty from very easy ninth grade level ones to 
very challenging twelfth grade level applications. Within the chapters the 
problems are arranged roughly in order of increasing difficulty* Solutions 
are provided for all problems, A list of topics in mathematics presented 
in the text can be found in the Table of Contents, and the types of problems 
in each topic are listed in the introductions to the individual chapters. 

The problems were written by various writers. During the process of com- 
piling and editing the material, an attempt was made to retain, whenever 
possible, the style of the individual writer. Thus styles and arrangement 
vary somewhat from problem to problem and from chapter to chapter. Al- 
though some sets of problems are sequential, the authors have tried for the 
most part to make each problem self-explanatory. The lack of continuity 
in content throughout most of the book should not be disturbing, Actually 
it enables a teacher to select problems at will without preliminary study. 



NOTATION AND COMPUTATION 

For ease of reading, the most conventional notations and language have 
been used. The variety of writers, however, introduces certain inconsist- 
encies that might bother a reader who is not prepared for them. First, 
notation is only locally consistent. In problems dealing with rocket pro- 
pulsion, for instance, the letter c is used consistently to denote the exhaust 
velocity of a rocket* In other problems, however, such as those concerning 
relativity, c is used to denote the speed of light. In both cases, standard 
notation is followed. Similarly, e is used to denote both the eccentricity of 
a conic section and the base of natural logarithms. As a subscript, it may 
refer to Earth (as in r c , the radius of Earth) or escape (as in v Ci the 
escape velocity). The reader should be able to interpret such symbols 
correctly from context. 

Second, the way in which units are handled is not consistent. In many 
problems, especially those in the early part of the book, the units are carried 
throughout the entire course of a computation. Such a practice should be 
encouraged initially, and it can be very helpful when the data involve an 
assortment of units. When, however, it is clear what the appropriate units 
are, they are often withheld until the final answer. 

Third, the matter of accuracy can become a thorny matter. Naturally it is 
not intended that the equation 10 3 X\/l3 — 3,600 be interpreted literally. 
The irrational number on the left-hand side cannot possibly be equal to the 
integer which stands on the right-hand side. In this case, 3,600 is the 
value of IO^Xn/ 1'3 rounded in such a way as to be consistent with the accura- 
cy of the data given in the statement of the problem. Unfortunately there 
are no simple, sure-fire rules for the rounding of answers — which is not to 
say that correct rounding is unimportant. In careful scientific work, great 
attention often must be paid to error analysis. It is usually not enough to 
determine a numerical value for a quantity, but one must also determine 
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its degree of accuracy. A distance, for instance, might be quoted as 3.71 
±0.02 centimeters, rather than 3.71 centimeters. The estimation of errors 
is frequently a complicated and tedious task. The authors have deliberate- 
ly shied away from such tasks, partly to make the computations less bur- 
densome, but mainly because such considerations could detract from the 
real point of a problem. In summary, some equal signs must be taken with 
a grain of salt. Perhaps the only general rule which we can state is that 
one should not expect greater accuracy in the answer than he has in the 
data. 

As those interested in the teaching of mathematics, whether they be class- 
room teachers, supervisors, curriculum specialists, or textbook writers, may 
have noted, this publication is essentially a supplement to the several 
courses in mathematics, grades 9 through 14. It is neither a text nor a sylla- 
bus ; it is a rich resource of real problems through which it is hoped that 
students, because of their interest in aerospace, may be motivated toward 
a better understanding of mathematics as well as of the space program in 
general. 
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CONVERSION FACTORS, NOTATION, AND UNITS 
OF MEASUREMENT 



The conversion factors presented in this chapter will be new to many teach- 
ers of mathematics. As will be apparent from the problems presented, 
conversion from one set of units to another is often made easier by the use 
of conversion factors* The notation involved in using conversion factors 
and in some problems in other parts of the book will be new and perhaps 
controversial. The procedure of writing the units into the computation 
and then dividing, multiplying, adding, and subtracting units as if they 
were numbers is not often used in mathematics. 



O 

ERIC 



Some physics and engineering textbooks do use the “factor label” tech- 
nique, Sometimes the use of this technique offers the best way for one 
to know what units are involved in the final answer. If the engineer does 
not write the units into the equation, he goes through a similar process 
mentally or on scratch paper. The evidence is that as the engineer gains 
experience in a given field, he finds it less and less necessary to make the 
units part of the computation. It should be understood that this labeling 
technique is not new, and it has no connection with the space program 
itself, except as the individual engineer or scientist finds it useful. 

The chapter also introduces a few of the units of measure used in space 
technology and incidentally provides some information on temperatures, 
distances, velocities, and the like that are characteristic of space explora- 
tion. 



Measurements expressed in one set of units can be converted to another 
set by using conversion factors, A conversion factor expresses the re- 
lationship between two units as a ratio equal to 1. Therefore, multiplica- 
tion or division by this factor does not alter the si^e of the original 
expression* 



To obtain conversion factors we can begin with an equation which expresses 
the relationship between two units. Division of both members of the 
equation by either the left or right member results in a conversion factor, 
Thus, beginning with 

1 yd ^ 3 ft. 



we may obtain either 



1 yfi _ t 
3 ft 



:''v 



i 

> 

% 

4 
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10 
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or 



1 = 



3 ft 
1 yd 



Some uses of these conversion factors are shown in the problems. 



PROBLEMS 



1. When a spacecraft returns from the Moon, lunar gravity will slow it 
down until it enters the sphere of Earth’s gravitational influence. Then 



Earth's gravity will cause it to accelerate until it reaches a speed of nearly 

25,000 miles per hour. Convert this speed to feet per second, using the 

relationship _ . „ „ . . 

60 mi/hr = 88 ft/sec. 



Solution. We are given 



v — 25,000 mi/hr. 



Using a conversion factor from the given relationship, we get 



v — 



25,000 mi/hr X 
a/scc 



SS ft/sec 
60 mi/hr 



=» 36,700 or 37,000 ft/sec. 



2. The speed of light is about 186,300 miles per second. 



a. Calculate its speed in miles per hour. 



Solution. Using two conversion factors, we obtain 



V — 



186,300 



mi 



sec 



6 0 sec 
1 min 



X 



60 min 
1 hr 



=- (1,863 X 10 5 )(6.0 X 10) (6.0 X 10) mi/hr 
= 6.707 X 10 s mi/hr. 



b. Calculate the number of miles in 1 light year, the distance light can 
travel in 1 year. Use 365 days = 1 year. 



Solution. Using two conversion factors, we obtain 



1 light yr = 6-707 X 10 8 mi/hr X 



24 hr 
1 day 



365 days 
X 1 yr 



= 5,875 X 10 1S mi/yr = 5.88 X 10 1 * mi. 
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3. A typical altitude for manned spacecraft about Earth is 100 miles 
because this is the lowest altitude at which air resistance becomes small 
enough to make a stable orbit possible. Because the speed in a circular 
orbit at this altitude is about 17,500 miles per hour, this speed is sometimes 
quoted as a typical one for space travel. How many years would it take 
for a spaceship to travel 1 light year if its rate is 17,500 miles per hour? 

Solution, Solving the distance-time-rate equation, d = vt, for t, we obtain 



4, If a spacecraft were to escape from our solar system, it would need, if 
departing at a distance equal to Earth’s distance from the Sun, a speed of 

94,200 miles per hour or more. Because Earth is moving about the Sun at 
the rate of 66,600 miles per hour, the spacecraft could be given the required 
speed if launched from Earth in the direction of the Earth’s motion about 
the Sun with a speed of 27,600 miles per hour relative to Earth. Suppose 
that a spacecraft of sufficient size can be given this initial speed, and that 
in addition a source of propulsion on board will enable it to maintain 

94,200 miles per hour as an average speed. How long would it take the 
spacecraft to reach the nearest star. Alpha Centauri, which is 4.3 light 
years away? 

Note : Average speeds have little meaning in the operation of spacecraft. 

Speed is constantly changing as a result of propulsion and gravity forces. 
Only if a spacecraft were located out in space, far from any significant 
gravity field, could it coast with a nearly constant speed. 



V 




Converting 3.36 X 10 s hours to years yields 



3.36 X 10 9 hr = 3.36 X 10 8 hr X X * 

24 hr So 0 days 



“ 3,36 X 10 * hr X 8,760 hr 



= 3,84 X 10' yr 
= 38,400 yr. 



Solution. 



v 



4.3 X 5.88 X 10 n mi 



94,200 mi/hr 



_ 25.28 X IQ 1 * ■ 
9.42 X 10 4 

= 2.68 X 10 s hr. 
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Converting 2.68xlO R hours to years yields, using the computation from the 
previous problem, 

2.68 X 10* hr = 2.68 X 10 3 hr X rTrn~u ~ 

8,760 hr 

= 3.06 X 10 4 yr 
= 3.1 X 10 4 yr. 

Note : In this problem, the value 4.3 for the number of light years has 

only two significant digits. Therefore, for consistency in our computation, 
we must round the final answer to two significant digits. 



5, The average radii of Earth and the Moon are approximately 6,371 and 
1,738 kilometers, respectively. 



a. What is the ratio of the volume of Earth to the volume of the Moon ? 

- 4 , 

Solution. Using the formula for the volume of a sphere, V =- 5 - wf®, we get 



V, 

V„ 



gTr(6,371 km ) 3 6371 j 
4,(1,738 km7> ' W*’ 

o 



49.3. 



Thus the volume of Earth is 49,3 times as large as the volume of the Moon. 

b. If the volume of Earth is 1.082 X 10 21 cubic meters, what is the volume 
of the Moon? 

Solution, Because the volume of Earth is 49.3 times as large as that of the 
Moon* the volume of the Moon is 

y _ lQ 21 m . ! _ 2,19 X 10 1B m*. 



6 , The temperature on the surface of the Moon is thought to vary from a 
low of 120° K to a high of 383° K, (The Kelvin temperature scale has the 
same size degree as the Celsius, or centigrade, scale but is measured from 
absolute zero as the starting point. Students who are not acquainted with 
the different temperature scales may get information by reading appro- 
priate reference books.) What are the extremes of temperature on the 
Moon, expressed in degrees Celsius and Fahrenheit? 



Solution, Changing 120° K to degrees Celsius, we find 

120 ° - 273° = -153°. 



Thus the Celsius temperature is -153° C, Converting this temperature 
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to degrees Fahrenheit, we have 



( 180° F \ 

\100° c / 



(-153° C) + 32° F = -243° F, 



Changing 383° K to degrees Celsius, we find 



383 s - 273° = 110°. 



Thus the Celsius temperature is 110° C. Converting this temperature to 
degrees Fahrenheit, we have 



Hence the temperature on the Moon varies from —153° to 110° C or from 
-243° to 230° F. 



7, The temperature of liquid hydrogen, the propellant used in the second 
and third stages of the Saturn V launch vehicle, is about —253° C, What 
would this temperature read on the Fahrenheit scale? 

Solution. Converting —253° C to degrees Fahrenheit, we find 



8. The temperature of the surface of the Sun has been computed to be 
5,800° K. What temperature is this on the Celsius and Fahrenheit scales? 

Solution. Changing 5,800° K to degrees Celsius, we get 



Thus the Celsius temperature is 5,527° C. Converting 5,527° C to degrees 
Fahrenheit, we have 



9. Sounding rockets have reported the lowest temperature ever measured 
for Earth’s atmosphere. U.S.-Swedish cooperative sounding rocket studies 
conducted from Swedish Lapland found temperatures as low as —225° F in 
the upper atmosphere. What is this temperature in degrees Celsius? 





5,800° - 273° = 5,527°, 
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Solution, 
we get 



Using the conversion factor for changing Fahrenheit to Celsius, 



(—225 s F 



32° 




- <- 257 >(!)’ c 

- -143 s C. 



10. The astronomical unit ( A U ) is the average distance of Earth from the 
Sun. One AU equals approximately 92,960,000 miles. How many astro- 
nomical units are there in a light year? 



Solution. Using the conversion factor derived in problem 2b, we find 



5.88 X 



10' 2 mi = 5.88 X 10 13 mi X 
= 6.33 X 10 1 AU. 



1 AU 

9.206 X 10 v mi 



11. The parsec is a unit of distance used to measure the great distances to 
stars. Two observations of a distant star with respect to a fixed, more 
distant star field are made at 6-month intervals (see figure) when Earth 
is on opposite sides of its orbit around the Sun, The distance between the 
observation points E± and E a is 2 AU. The star in question is 1 parsec 
distant from Earth if the parallax angle, one-half the angle subtending an 
arc of 2 AU, is 1 second. The arc length and the chord of the arc are 
close to being equal, and are considered to be the same. This is why the 
parallax angle is the angle Sun-star-Earth at E 2 , The farther away the 
star is from Earth, the smaller the parallax angle will be. 




How many astronomical units are there in 1 parsec? Use the approxima- 
tion 3.14159 for w. 



CHAPTER 1 CONVERSION, NOTATION, AND UNITS OF MEASUREMENT 



Solution. In a complete circle, there are 2 tt radians, which equal 860 X 60 
X 60 seconds. Thus, if the parallax angle & equals 1 second, then, 



0 " 360 X 60 X 60 radian = eisjoo radian> 

s 1 AU 
6 ir/648,000 

= 648,000 AU 

7T 

= 206,266 AU. 

In actual use, the length of a parsec is often rounded to 206,300 AU. 



12, How many light years are there in a parsec ? 

Solution. By the preceding two problems, there are 206,300 AU in 1 parsec, 
and 63,300 A.U in 1 light year. Therefore, 

, 206,300 , . 

1 parsec - — — light yr 

“ 3.26 light yr. 



13. Among 1 the planets of the solar system, Pluto is the most distant from 
the Sun. Its maximum distance from the Sun is about 4.60 billion miles. 



a. How long does it take the light of the Sun to reach Pluto at this distance ? 
Solution. Using the distance-rate-time equation, we have 

_ 4.60 X IQ 9 mi 

1 “ 1,863 X 10® mi/sec 

= 2,47 X I0 4 sec 

— 6 hr 62 min. 



b. What is the maximum distance from the Sun to Pluto in terms of astro- 
nomical units? Use the conversion factors previously derived. 



Solution. 



4.60 X 10 9 mi - 4.60 X 10 9 mi X 
- 49.5 AU. 



1 AU 

9,296 X 10' mi 



c. Find the distance in terms of light years. 



18 
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Solution, 



4.60 X IQ 5 mi = 4,60 X 10 s mi X 5 8 g >f m l 



= 0.782 X 10^ light yr 




14, The chances of penetration of space vehicles by meteoroids has recently 
been shown to be several thousand times lower than estimated several year's 
ago. Except for travel in the asteroid belt, it would appear that the 
meteoroid problem would rank low as a criterion in the selection of space- 
cabin materials, A recent estimate is that the shortest average interval 
of time between perforations of an aluminum skin 1 (H centimeter thick is 

1.0 X 10 s seconds. Compute the number of years between perforations. 

Solution. Converting 1.0 X 10 s seconds to years, we have 



Note: This estimate is pessimistic because it gives the minimum number 

of years expected between perforations, A more optimistic estimate is one 
perforation every 100 years. 



1.0 X 10 B sec = 1,0 X 10 s sec X ^ 

1,0 X 10 s sec 



1 min 1 hr 1 day 1 yr 

60 sec 60 min 24 hr 365 days 



3,15 X 10 7 sec/yr 
» 3.17 or 3.2 yr. 
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ELEMENTARY ALGEBRA 



This chapter contains problems which in general require only algebra, and 
is limited largely to equations of the first degree. Algebraic problems of a 
more advanced nature are provided in Chapter 3, “Ratio, Proportion, and 
Variation,'' and Chapter 4, “Quadratic Equations.” In other chapters, 
algebra is used to solve problems involving probability, exponential and 
logarithmic functions, geometry, and trigonometry. 

The chapter presents problems related to radio transmission, Mach number, 
launch and reentry velocities and accelerations, pumping rate of an astro- 
naut’s heart during launch, barycenter, periods of certain planets, and 
sidereal and synodic period of a satellite. 1 

These problems are designed to demonstrate that even very elementary 
algebraic formulas are useful in the space and technological age. 



1. A radar transmits pulses of electromagnetic waves, which travel at the 
speed of light, approximately 186,300 miles per second. Directional an- 
tennas radiate the energy in narrow beams. If the radiated waves strike 
an object such as a plane, ship, or rocket, some of the energy may be re- 
flected back to the radar. The indicator on the radar usually is calibrated 
to convert the time between transmission and reception into units of dis- 
tance. 

Given that t is the length of time for a pulse of energy to be both trans- 
mitted by and reflected back to the radar, e is the speed of light, and d is the 
distance between the radar and the object, devise a formula for the dis- 
tance d , 



PROBLEMS 




Transmitted wave 



Reflected wave 




Radar 



Solution, The total time of travel for the pulse will be the time it takes 
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to get to the target plus the time it takes to rebound to the radar station; 
that is, 

t — t\ ^ 2 * 



Because t x and to are equal, we can say 



h 




By the distance -rate time equation, we have 



- 



d 

c 



1 

2 



L 



Hence the required formula is 

cl = | ct. 



2, In 0,01 second after transmission, a Texas radar station receives a reflec- 
tion from a Saturn rocket. 

a* How many seconds did it take for the pulse to reach the rocket ? 

Solution. Since the pulse must travel a certain time before hitting the 
rocket and then must return along the same path in the same amount of 
time, it must take half the total time for the pulse to reach the rocket, or 

i(0.01 see) = 0.005 sec. 

b. How far away is the rocket from the radar station ? 

Solution. Substituting the time calculated in part a and the speed of 
light into the distance-rate-time equation, we have 

d = ct 

= (186,300 mi/sec) (0.005 sec) 

= 932 mi, 

3, A 10- by 10-foot-square supersonic wind tunnel is operated at Mach 3. 
Find the volume of airflow per second through the wind tunnel, 

NOTE: The speed of sound is dependent up: n temperature. In the wind 

tunnel where the temperature is approximately 212° F, the speed of sound 
is 1,200 feet per second. 

Solution, Under the given conditions, the speed of sound, Mach 1, is 1,200 
feet per second ; therefore 



Mach 3 * 3,600 ft/sec. 
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The cross-sectional area of the wind tunnel is 10 by 10 feet or 100 square 
feet, and the volume of airflow per second is 

Volume/sec = (distance air travels/sec) (cross-sectional area) 



« (3,600 ft/sec) (100 ft 2 ) 



= 360,000 ftysec 
— 3,6 X 10 5 ft 8 /see, 

4* A meteorite crashed to Earth in Siberia on February 12, 1947, It was 
found to contain a number of elements. There were 70 pounds of iron, 20 
pounds of calcium, and 80 pounds of unknown material. What was the 
percentage by weight of unknown material ? 



Solution- In calculating the total weight of the meteorite, we get 



70 lb iron 
20 lb calcium 
30 lb unknown 

120 lb total 



To obtain the percentage by weight of the unknown material, the fraction 
1 26 " lb ^ mu ^iplied by which gives the following result: 



30 lb 100 
120 lb X 100 



1/4 X 100 
100 



25 percent of unknown material. 



5, A two-stage rocket is fired vertically and has a speed v 0 when the second- 
stage motor ignites, providing an average acceleration a. Two seconds 
after the second-stage ignition, the speed of the rocket is 1,700 feet per 
second, and after 5 seconds it is 2,900 feet per second. (Note that we are 
concerned only with the time that elapses after second-stage ignition.) 
Find a and v Qi given that the final speed is equal to the initial speed plus the 
product of acceleration and time* 



Solution- Applying the given equation yields 

2,900 ^ Vo + a (5) 
1,700 - vo + a (2). 
1,200 = a (5 — 2) 
a — 400 ft/sec 2 . 



and 

Subtracting yields 



Substituting this value of a into either of the preceding equations yields 
v Q = 900 feet per second. 



Note: See the comment in Chapter 1, problem 4, regarding the use of 
averages. 
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6. A scientific capsule was carried aloft and released at the peak of the 
trajectory by a rocket that had an average vertical speed of 570 miles per 
hour. The capsule made a controlled descent with an average vertical 
speed of 240 miles per hour and landed 67.5 minutes after the rocket was 
launched. Find the maximum height reached by the rocket. 

Solution. First the time of ascent in hours t is found by equating expres- 
sions for the distance of ascent and descent: 



Thus the rocket reached the peak of its trajectory 1/3 hour after launch. 
The maximum height reached is equal to the product of the speed and time , 
i.e., (570 miles per hour) (1/3 hour) or 190 miles. 

7. During a spacecraft launching, an astronaut’s heart pumps blood at a 
rate of 10 pints per minute greater than when he Is sitting in normal con- 
ditions. Under launching conditions his blood makes two times as many 
complete circulations in 8 minutes as when normally sitting. The astro- 
naut’s body contains 10 pints of blood. Find the rate his heart pumps dur- 
ing launching. 

Solution. Letting L ~ rate during launch and 5 — rate at normal sitting, 



The rate during launch is then 20 pints per minute. 



8. The planets Earth, Jupiter, Saturn, and Uranus revolve around the Sun 
approximately once each 1, 12, 30, and 84 years, respectively, 

a. How often will Jupiter and Saturn appear in the same direction in the 
night sky, as seen from Earth? 

Solution. Let J and S represent the periods of revolution of Jupiter and 
Saturn, respectively. In 1 Earth year, Jupiter revolves (1/12) / and Saturn 
revolves (1/30)S. Equating these times yields (1/12)/ = (1/30)5, or 
5/ = 2 S. Hence Jupiter makes five revolutions, while Saturn completes 
two revolutions. Thus the planets will appear in the same direction, as 




= 270 — 240 t 



1 

3 



we have 



5 = (1/2)L 



and 



L - 5 + 10 
- (1/2)1/ + 10 
= 20 . 
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seen from Earth in the night sky, once every 5(12 years) — 2(80 years) 
— 60 years. 

Alternate solution. It is clear that the time required is a multiple of 80 
years because the period of revolution of Saturn is 30 years. Hence, the 
result is the least common multiple of the two periods, which is 60 years. 

b. About how often will the planets Jupiter, Saturn, and Uranus all appear 
in the same direction in the night sky as seen from Earth? 

Solution, Utilizing the method of part a, we have 

(1/12) J = (1/30)5 = (1/84)17, 

Ur 35 J - 145 = 5 U, 

Substituting for J, S, and U, we have 

35(12 yr) = 14(30 yr) = 5(84 yr) - 420 yr. 

Alternate solution. The least common multiple of 12, 30, and 84 years is 
420 years. Thus the three planets will appear as described once every 420 
years. 



9, The huge 10-story-high Echo satellite was designed to reflect radio 
waves back to Earth. To be a good reflector, the spherical satellite required 
a diameter that was at least as large as the wavelength A of the wave 
reflected, that is 



Determine the minimum diameter D in meters needed for the satellite to 
be a good reflector of waves with frequency of 10 7 hertz. (The hertz is 
the new unit recently adopted for indicating the frequency in cycles per 
second. One hertz is 1 cycle per second.) The length of a wave is the 
distance traveled by a series of waves during a given time divided by the 
frequency or number of waves propagated during that time. That is, 




where c is the speed of light, 3 X 10 8 meters per second, and f is the fre- 
quency, Also find the surface area and volume of the Echo satellite. 



Solution. The wavelength is 



0 




Ofi 



A 



/ 

3 X 10 8 m/seo 
10 7 Hz 



= 30 m. 
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Substituting this value into the diameter- relation gives 

> 1 

30 m 

D > 30 m. 

Hence the Echo satellite must be at least 30 meters in diameter. Assuming 
this value to be the approximate diameter, the surface area is 

S = 4:W7' 2 
^ 4tt( 15 m) 2 
= 2,828 or 2,800 m 2 . 

The volume is 

4 3 

" = F 

= |ir(15 m) 8 
= 14,137 or 14,000 m 8 . 



10. The moment of a mass is the product of the mass and the distance of 
the mass from the center of rotation. The point at which the sum of the 
moments is zero is called the center of mass. This point is usually called 
the barycenter. An example is the fulcrum at which a teeter-totter is 
balanced. 



a. Determine the center of mass of two equal point masses. 

Solution. Let mass ?n be located the distance a from the center of mass, 
while another equal mass m is located at distance b from the center of mass, 
as indicated in the drawing. 



m 



a 



7C 



b 



m 



Then, if the moments are in balance, 

ma = mb 
a = b 

Hence the center of mass, or barycenter, is midway between two equal 
masses. 

b. If M is the mass of Earth, the mass of the Moon is about M/81, The 
distance between the centers of Earth and the Moon Is about 239,000 
miles. Find the location of the barycenter of the Earth-Moon system. 
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Solution, Let x be the number of miles between the bary center and the 
center of Earth. Then 

M 

Mx (239 } 000 — x) 

ol 

81a: = 239,000 — * 

239,000 
X 82 

= 2,915 or 2,900 mi. 

Thus the barycenter is below the surface of Earth,- about 2,900 miles from 
its center. 



c. During the rotation of Earth about the Sun, the Earth-Moon barycenter 
follows a path about the Earth-Moon-Sun barycenter. The Sun is about 
332,500 times more massive than Earth. The distance between the center 
of the Sun and the Earth-Moon barycenter is about 98 million miles. Find 
the location of the Earth-Moon-Sun barycenter. 



Solution. 

metic, M 



Let M' be the mass of the Earth-Moon system. By simple arith- 
= (81/82) M', then the mass of the Sun will be 

332,500 X 81 X M' 



332, 500 Af 



328, 450 Af', 



If x is the number of miles between the center of the Sun and the Earth- 
Moon barycenter, 

(328,450 M')x = M' (93,000,000 - x) 

328,450a: = 93,000,000 - x 
93,000,000 
* “ 328,451 

= 283 or 300 mi. 



Thus the barycenter of the Earfch-Moon=Sun system is inside the Sun about 
300 miles from its center, (This solution assumes that the mass of each 
body is concentrated at its center. Thus the figure is not precise, and gives 
us only a rough idea of the location of the barycenter.) 



11* The time required for an orbiting satellite to make one complete revo- 
lution of Earth is called its period. The length of the period depends upon 
the location of the observer making the measurement* 



Suppose the observer is located far out in space and views the satellite 
against the background of fixed stars. The period measured in this manner 
is called the sidereal period of revolution, or “the period in relation to the 
stars,” Note that the rotation of Earth does not affect the sidereal period. 



Now suppose the observer is on Earth standing on the Equator. A satel- 
lite in low Earth orbit moving directly eastward is overhead. When the 
satellite has made one complete transit of its orbit, it will be behind the 
observer because the rotation of Earth will have carried him a distance 
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eastward. The satellite must travel an additional distance to again be 
directly over the head of the observer. The observer measures the period 
of the satellite as the time elapsing between successive passes directly over- 
head. This is referred to as the synodic period of revolution or “the period 
between successive conjunctions.” The synodic period takes into account 
the rotation of Earth, It is greater than the sidereal period if the satellite 
travels in an easterly direction. 

The Gemini 7 spacecraft with astronauts Borman and Lovell aboard com- 
pleted 206 synodic periods with respect to Cape Kennedy and 220 sidereal 
periods with respect to a fixed point in space during its 14-day mission. 

The sidereal period in seconds can be computed by the formula P = 2tt 
\ fa?/GM where a is the average radius of orbit measured in miles from 
the center of the body about which the satellite is in orbit, (The derivation 
of this formula is given in Chapter 10.) G is the constant of universal grav- 
itation and M is the mass of the body about which the satellite orbits. The 
average radius of Earth is 3,960 miles, and for the Moon it Is 1,080 miles. 
When the units of measurement are miles and seconds, the product GM is 
9,56 x 10 4 for Earth and 1,176 for the Moon, 

Usually spacecraft orbit in the same easterly direction as Earth's rotation 
and are said to be in a posigrade orbit. All U.8, manned spaceflights have 
been launched in posigrade orbits to take advantage of the additional veloc- 
ity imparted to the spacecraft by Earth's rotation. 

If the direction of orbiting is westerly, or opposite to Earth's rotation, the 
orbit is said to be retrograde . In this case an Earth observer would meet 
the satellite before it made one complete revolution around Earth. Accord- 
ingly, the synodic period would be less than the sidereal period. 

a. Find the sidereal period of a satellite with an average altitude above 
Earth of 100 miles. 

Solution, The radius of orbit is equal to the radius of Earth plus the aver- 
age altitude of the satellite, or 

a — 3,960 mi + 100 mi 
= 4,060 mi. 

Hence the sidereal period in seconds is 



Thus the sidereal period is 5,258 seconds = 87.6 minutes = 1,46 hours, 

O 




= (25,500) (10— 2 
- 5,258* 
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b. Find the sidereal period of Lunar Grbiter 8, which traveled an orbit of 
89 by 196 miles above the Moon’s surface. 

Solution. The average radius of the orbit is the average radius of the Moon 
plus the average altitude of the satellite, or 

a = 1,080 mi + |(89 + 196) mi 
— i ? 223 mi. 



Therefore the sidereal period is 



P - 




(1,223) 

1,176 



3 



= (6.28) (1,223) 




= 7 ,680V 1.040 
= 7,834, 



Thus the sidereal period is 7,884 seconds == 131 minutes — 2 hours 11 
minutes. 



12, For the satellite in problem 11a: 

a. Compute the synodic period of the satellite, assuming it is in a posigrade 
equatorial orbit. 

Solution, Let m be a position on the Equator at which the satellite is 
directly over the observer* During one synodic period the rotation of Earth 
carries the observer to position y , where the satellite “overtakes” him again. 
The basic problem is to And the angular distance A, 




In one synodic period the observer traveled an angular distance A, and the 
satellite traveled an angular distance 360° + A. The observer travels 360° 
in 24 hours, or 1° in 24/360 hours. Thus, during one synodic period the 
observer travels (24/360) A hours* 
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From problem 11a the sidereal period is 1,46 hours. Thus the satellite 
travels 1° in 1.46/860 hours. During one synodic period the satellite travels 
(1,46/360) (860 -|- .4 ) hours. The synodic period for the satellite and ob- 
server are, of course, equal. Therefore, we have 

(1.46) (360° + A) = 2L1 
525.6° + 1.46.4 = 24.4 

22 . 54.4 = 525.6° 

A = 23.3°. 

Hence, the synodic period is 

(■ •|g 0 v r ) (S60 s + 23.3°) = 1.555 hr 

*=5 93,3 min. 

Note that the synodic period is 5*7 minutes greater than the sidereal period. 

b. Compute the synodic period of the satellite, assuming it is in a retro- 
grade equatorial orbit. 

Solution, The observer would travel an angular distance A f but the satel- 
lite would travel only 860° — A during the synodic period. By using the 
same approach as in part a and equating times, we have 

(^)< 360 ° - - (w) A 

A - 20.6°. 

Therefore, the synodic period is 

( 1 3<?0“‘ ) ( 3( 1 0° "" 20 - r,U) “ 1376 hr 

— 82*6 min. 

Note that the posigrade synodic period is 10.7 minutes greater than the 
retrograde synodic period. 
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RATIO, PROPORTION, AND VARIATION 



This chapter contains problems in algebra that illustrate the concepts of 
ratio, proportion, and variation. Although some of these problems could 
be presented in another context and be solved by other means, placing them 
in this chapter provides a selected list of problems illustrating these con- 
cepts. In a number of instances, these problems ai'e related to and augment 
problems in other chapters. When this situation arises, cross-references 
are used. 

The rich variety of space-related topics discussed in the chapter includes 
thrust-to- weight ratio, mass ratio, specific impulse and exhaust velocity, 
derivation of Newton's law of universal gravitation, problems involving 
force and acceleration of gravity on the Moon and on an asteroid, u g forces'' 
on an astronaut, artificial gravity, a number of interesting consequences of 
Einstein's theory of relativity, variation of weight with distance from the 
center of gravity, strength of a reflected radio signal, temperature equi= 
librium of a satellite, and the roles of the Sun and Moon in producing tides 
on Earth, 




PROBLEMS 

1. A fundamental concept in the design and operation of launch vehicles 
is the thrust-to- weight ratio. Because most launches begin vertically, it is 
apparent that the thrust, the force that lifts the vehicle, must be greater 
than the weight. That is, the thrust’to-weight ratio must be greater than 
1. (According to Newton's second law of motion, F = m,a f the thrusting 
force F will give the vehicle an acceleration. The thrust remains constant 
or tends to increase a little as the propellant is burned. Meanwhile, the 
mass m is rapidly reduced as the propellant is burned. The result is an 
increasing acceleration. From this acceleration must be subtracted, of 
course, the acceleration of gravity, which acts as a retarding force. For 
additional information about launch vehicle behavior, see Chapter 6.) 

Find the thrust-to-weight ratio of the following launch vehicles. 



Vehicle Thrust Weight 

Delta 170,000 114,200 

Atlas-Centaur 388,000 300,000 

Gemini-Titan II 430,000 300,000 

Saturn IB 1,600,000 1,294,000 

Saturn V - 7,700,000 6,400,000 
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Solution. The answers, found by simple division, are respectively 1.49, 
1.23, 1.43, 1.24, and 1.20. 

, „ takeoff weight 

2. The mass ratio of a launch vehicle is defined as tc =^ UI , no " u t weight’ 

The weight of a rocket or launch vehicle can be divided into three parts: 
tfig weight of the structure 5 the weight of the propellant or fuel F , and 
the weight of the payload P. The part of the weight that disappears be- 
tween liftoff and burnout is F. Burnout occurs, of course, when all the fuel 
has been burned. Thus the mass ratio is usually defined as 

p _ S + F + P 
K “ S + P 

(Further information about the relationship of the mass ratio to launch 
vehicle operation will be found in Chapter 6.) 

If the mass ratio of a launch vehicle is 7, the weight of the structure is 2 
tons, and the weight of the payload is 1 ton, find the weight of the fuel. 

Solution. Applying the given equation yields 

_ S + F + P 
K ~ S + P 

2 tons + F + 1 ton 
2 tons + 1 ton 
F = 18 tons. 



3. The Mach number M is a measure of speed and is defined as the ratio of 
the vehicle’s speed v to the speed of sound at that altitude v a . (The Mach 
number varies with temperature, and the temperature varies with alti- 
tude.) What is the Mach number of an aircraft flying at 845 feet per 
second at an altitude of 30,000 feet? (Assume that the speed of sound at 
this altitude is 995 feet per second.) 

Solution. By definition. 



845 ft/sec 
^ 995 ft/sec 

- 0.85, 



4. The specific impulse 7 sp of a propellant-engine combination is the thrust 
produced when 1 pound of propellant is burned in 1 second. That is, / sp — 

where F is the thrust or force measured in pounds, w is the weight in 
w/t ’ . . 

pounds of the propellant burned, and t is the time in seconds. Rearranging 

the equation to read / sp = we note that the numerator is expressed in 




St 
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pounds of force and seconds of time, whereas the denominator is expressed 
in pounds of weight. It is common practice to divide out the pounds, leav- 

ing- the answer in seconds. Finally the ratio —^ 3 which represents pounds 

of propellant used per second and is called the weight flowi’ate, is commonly 
written as w, leaving us with the equation 



a. Find the specific impulse of a propellant when the burning of 1 pound 
per second produces a thrust of 400 pounds. 

Solution. Evidently w == 1 pound per second, and 

= 400 sec. 

b. When 4,735,000 pounds of propellant are burned in 161 seconds, the 
thrust produced at sea level is 7,700,000 pounds. Find the specific impulse 
at sea level. 



Solution. 



w 



4,735,000 

161 



29,410 Ib/sec 



Jsn 



7,700 ,QQQ 
29,410 



— 262 sec. 



(These data represent the performance of the Saturn V launch vehicle at 
sea level. Although w remains essentially constant, the thrust F increases 
with altitude ; as a result the specific impulse at burnout of the S-IC stage is 
higher.) 



e. If a propellant can be found that delivers 50 percent more thrust with 
the same weight flowrate, how does this affect the specific impulse? 

Solution. If the weight flowrate is constant, the specific impulse is directly 
proportional to the thrust. In this case, therefore, the specific impulse would 
be 50 percent higher than for the first propellant. 



5, The exhaust velocity c produced by a rocket engine is directly propor- 
tional to the specific impulse of the fuel; that is, c = gl HI „ where g is the 
acceleration of gravity at the surface of Earth. We may derive the formula 

to to 

as follows. In the equation F = ma. m = — , obtaining F — — a. This 

g g 

form of the equation merely enables us to work with units of weight rather 

c 

than mass. Acceleration is change in velocity per unit of time, or a — — . 

£ 
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Thus 



Rearranging, 



F - 



*X?. 

Q t 



Ft _ c 
w g 



But as noted in the previous problem. 



lay) 




C 




which yields 



c = glsp* 



(The relationship of exhaust velocity to launch vehicle operation is dis- 
cussed in Chapter 6.) 

a* What exhaust velocity will be produced by a propellant with a specific 
impulse of 360 seconds ? 



Solution, The value of g is 32,2 feet per second per second. 



c 



32,2 ft 
see/sec 



X 360 sec 



11,592 ft/sec. 



b. If an exhaust velocity of 14,000 feet per second is needed, what must he 
the specific impulse of the fuel ? 



Solution. 



Isp 



c_ _ 14,000 ft/ sec = 

g ~ 32.2 ft/sec/sec 



(The maximum specific impulse available from present chemical propellants 
is 450 to 460 seconds.) 



6, The statement has been made that Newton’s derivation of his inverse- 
square law of gravity from Kepler’s third law is among the most important 
calculations ever performed in the history of science. Kepler’s third law, 
based upon observation rather than theory, states that the squares of the 
periods of any two planets are to each other as the cubes of their average 
distances from the Sun. Derive Newton’s law from Keplei s law. 

Solution, If we represent the periods of any two planets by t and T and 
their distances from the Sun by t and R, respectively, then 



